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Frames of permuting equivalences 
CHRISTIAN HERRMANN 
Dedicated to the memory of András Huhn 
András Huhn established frames as the fundamental tool in the equational 
theory of modular lattices. In the present note we use this algebraic point of view 
for an easy approach to von Neumann's Coordinatization Theorem [11] — complet-
ing a program of F R I N K [ 5 ] and JÓNSSON [ 9 ] based on the abelian group representa-
tion given by the Embedding Theorem. 
This approach can be extended to permuting equivalence representations of 
lattices with spanning frames of order n^3 . The loop associated with the net 
provides a module representation for the sublattice generated by the frame and its 
coordinate ring. From this we can derive a lattice identity separating lattices of 
permuting equivalences on finite sets and finite lattices having an (infinite) permuting 
equivalence representation. 
I have to thank Ralph Freese and the referee for doing an excellent job. 
1. The associated group 
A frame <& of order n in a lattice L consists of elements a{, ci} (1 s/Vy'Sn) 
such that 
«¡H 2 ak = f ! ak = öiflcy, ŰJ + CY = ŰJ + ŰY, 
k 
Cik = ct; = (Cij + cjk)^(ai + ak)-
It is spanning if C\ak and 2ak a r e the bounds of L. For every module A we 
have the canonical frame in the lattice Z(A") of all submodules of A" given by 
{ ( 0 , . . . , * , . . . , 0 ) | * 6 I 4 } , { ( 0 , . . . 0 , . . . , -x, ...,0)jx€A}. 
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The coordinate domain Ri} of $ in Z. consists of all r in L such that 
r+a] = a-t + aj, rC\aj = atr\aj, 
r = (r + ajr\(a, + aj) = (r + c i t)n(a ; + ay) = (r + c ^ n f o + flj) 
for all k.7±i,j. For modular L the last identity is superfluous. 
A frame $ contained in the lattice 11(E) of all partitions on the set E is called 
permuting, if any two of the a,'s permute and ci} with a,- for all i, j (it suffices to 
consider a spanning tree of pairs {/',/} for which cu and cJk permute, too). Then, 
r is in Ri} if it permutes with all ak, cik, and cJk (k?±i,j) and is a complement of 
a,-in [ 0 ^ , Oi+aj]. 
Often, we prefer to think of equivalence relations. In particular, with any sub-
group B of an abelian group A we associate the congruence relation ft on A given 
by xfiy iff x—y£B. A closer look at the loop associated with a net yields 
Theorem 1. Let $ be a permuting spanning frame of order « s 3 in n(E). 
Then there is an abelian group A and a bijection q>: E—A" mapping <P onto con-
gruences associated with the canonical frame of A" and all coordinate domain elements 
onto congruences of A". 
Coro l l a ry 2. A permuting frame of order n^ 3 in a partition lattice generates, 
together with all its coordinate domains, a complete Sublattice of permuting equivalences. 
Proof . Denote the frame by a8 and In view of the permutability and inde-
pendence of the a ; we may assume E=A1X...XA„ with (ax, •••,an) af (b±, ..., bn) 
iff a j = b j for all j ^ i . Choose an element 0,- in A{ for each /. Then 
fij(x) = y iff (0, ..., x, ..., 0) 8y (0, ..., y, ..., 0) 
defines a bijection of At onto Aj mapping 0; onto 0} — due to the permutability 
of £y with and ol} . The normalization condition for the frame yields f ^ o f j =fik. 
Thus, we may identify At with Aj via fl} to obtain E=A" with 
(ax, ...,a„) £0- (bx,..., bn) iff ai = bj and ak = bk for all k^i,j 
provided that aj=0=bi. Namely, let /=1, j-2. Since 
%2 = + we may assume 
ak—bk for all k^3. If these are 0 the claim is obvious. The general case reduces 
to this one since 
asnb iff ( o 1 , 0 , . . , 0 ) (<>, b„ 0, ..., 0) 
in view of (a1+a2)n(£1 2+ y. ak)=e i e . TG 3 
The 3-net (cf. DENES and KEEDWELL [3]) a ; , a ; , on the af+<Xj -class of (0, ..., 0) 
yields for every i^j and a, b in A a uniquely determined c=a+tjb in A such that (0, ...,a, . . . ,0 , ...,b, ..., 0)£y (0, .. . ,c, ..., 0). » j i 
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Claim. A with 0 and + t j is an abelian group not depending on i,j. 
We may assume n—3, iV/Vfc^i , e.g. i—\,j=2, k—3. Observe that 
«¡Hfey+s^+e«) = id 
due to the frame relations. We have 
a+ijb = b+Jta 
since (a +12b, 0, 0) e12 (a, b, 0) £21 (0, b +21a, 0) e12 (b +21a, 0, 0), and 
a+ijb = a+tkb 
since (a +1 2b, 0, 0) s12 (a, b, 0) e23 (a, 0, b) e13 (a +13b, 0, 0). Now, indepedence and 
commutativity follow. 0 is neutral, obviously. Due to the permutability of a2 and 
e12 for any a there is (b, c, d) with (0, 0, 0) s12 (b, c, d) a2 (a, 0, 0), whence b—a, 
d=0, and a+c=0. Finally, associativity follows from 
((a + b)+c, 0,0) e13 (a + b, 0, c) e12 (a, b, c) e23 (a, 0 , b + c ) e13 (a+(b+c), 0, 0). 
For q in R12 we have qQolx+oih whence 
(x, y, c) g (a, b, c) iff (x, y,d)q (a, b, d) 
since (x, y, c) Q (A, b, C) implies (x, y, d) OC3 (x, y, C) Q (A, b, C) a3 (A, b, d) and since 
C? == (i?+a3) (~l (ax + a2). Also, 
(x, y, 0) f? (a, b, 0) implies (x+u , y, 0) Q (a + u, b, 0) 
since (x+u , y, 0) E13 (x, y, u) Q (a,b,u) e13 (a+u,b, 0). With the corresponding 
property for the second component we get that (x, y, z) Q (a, b, c) imphes (x+u , 
y+v, z+w) Q (A+u, b+v, c+w) which means that Q is a congruence of the groups". 
2. The associated module 
When studying faithful permutable representations of a lattice with a spanning 
frame of order n ^ 3 we may, in view of Theorem 1, restrict attention to sublattices 
of L(A") with canonical <P, A an abelian group. Then, each element of the coordinate 
domain i?y can be considered the graph of an endomorphism x > x r of A 
{(0, •.., x, . . . ,0, ..., -xr, ..., 0)|x€^4}= :rtj, 
rik=(rij + rjk) H + ) . With von Neumann's addition and multiplication 
0 - r)ij = ((stj+cJk) Pi (aj + r i k ) a } ) , 
(sr)ik = (r.j + s^nia i+afc) , 
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the Ry are isomorphic to a subring of the endomorphism ring of A. Also, if L is 
generated by $ and the RtJ then it is contained in the lattice L(A"R) of right T-sub-
modules, where T is the commuting ring of R and A, i.e. the endomorphism ring 
of AR . Finally, if S is a subring of T and AS a cyclic module then identification of 
AS with S yields a representation of L in the lattice L^S") of left S-submodules of S". 
Propos i t i on 3. Let R be a commutative completely primary uniserial ring, 
<P the canonical frame of L—L(RR"), and (p: L-^TI(E) a representation with per-
muting and spanning frame <p(i>). Then \E\S. 1 or there is a bijection ip of £ 
onto a direct sum RM of modules rR" such that \f/ocp becomes the diagonal embed-
ding of L into L(RM). 
These lattices L are particular primary lattices of type (n) in the sense of 
J6NSSON and MONK [10]. The proposition allows to view every permuting equivalence 
representation as derived from the Jonsson—Monk coordinatization. 
Proof . Since L is simple and generated by <t>URl2 (cf. [6], 2.9) it suffices to 
consider <pL as a sublattice of L(AR) and <p<P canonical. Now, AR is a direct sum 
of cyclic modules which yields a decomposition of <p$ (see HERRMANN and HUHN 
[7], Section 2) and of the coordinate domain <pRv, . Thus, all of <pL is decomposed 
which means that we have a direct sum of representations with cyclic ARs. The 
latter are full lattices L(RR") since these are generated by 0UT?12. 
By the indices of a partition j9 in a we mean the numbers of /^-classes in the 
classes of a. If a and /? permute then aOf iQp and aQoc+fi have the same 
set of indices. 
Coro l l a ry 4. Let fl(E) be a simple lattice of permuting equivalences. 
Then any two prime quotients have the same set of indices. It consists of powers of 
p if E is finite and L contains a projective plane of order p as a sublattice. 
J6NSSON [8] has represented the gluing of two Arguesian projective planes of 
different characteristics over a 2-element interval as a lattice of permuting equiva-
lences on an infinite set — a finite set being impossible by the above. Moreover, 
we have-
Coro l l a ry 5. There is a finite lattice having a permuting equivalence represen-
tation which is not contained in the variety generated by all lattices of permuting equiv-
alences on finite sets. 
Proof . Let p and q be different primes, L and L resp. the lattice which is the 
union of a projective 3-space Lp=[0, b] of order p and Lq=[a, 1] of order q such 
that ab<b and a+b>-a where b^a resp. b^a. L is a subdirect product of L 
and a 2-element lattice, so it has a permuting equivalence representation this being 
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the case for L according to J6NSSON [8] — cf. the Appendix. On the other hand, in 
view of Corollary 4 we have one, hence both of cpO—cpb and <pl=cpa for every 
homomorphism <p of L into a lattice of permuting equivalences on a finite set. This 
gives rise to a separating identity since L is a projective modular lattice — as is well 
known. 
Indeed, let <p be a homomorphism from a modular lattice M onto L. Now, 
Lp and Lq are projective modular lattices according to FREESE [ 4 ] , so we may choose 
preimages L'p=Lp and L'q=Lq in M and [c') where c is in L'p with (pc'=ab. Let 
d' be in Lq with <pd'=a+b, let b' be the top of L'p and a' the bottom of L'q. Then 
there is a sublattice L'q of M mapped onto Lq, isomorphically, with bottom a"—a' 
and d"=b'd'+a' a point. Indeed, choosing a 4-frame of L'q containing d' reduc-
tion with d" yields a 4-frame of characteristic q generating L"q — cf. [6], Corollary 
3.4. Similarily, reduction with b'd and a'b' yields a 4-frame of characteristic p gener-
ating an isomorphic preimage L"p of Lp such that b'd/a'b' transposes down to b"/e" 
where b" is the top and e" a plane of L"p. Then, L"pUL'q is a sublattice of M map-
ped onto L, isomorphically. 
3. Yon Neumann's Theorem 
A ring R with 1 is regular if its principal left ideals form a complemented sub-
lattice of the lattice of all left ideals or, equivalently, if every principal left ideal is 
generated by an idempotent — the same characterization is valid on the right. 
Equivalently, the finitely generated submodules of the left i?-module RR" form a 
complemented modular lattice Lfg(RRa) — see SKORNYAKOV [ 1 2 ] , Chapter 2 . Accord-
ing to von Neumann every complemented modular lattice with a spanning frame 
of order RCS4 (or n=3 and Arguesian — J6NSSON [9]) can be respresented in this 
way. But, such a lattice can be embedded into the subgroup lattice of an abelian 
group, firsthand, due to FRINK'S Embedding Theorem [ 5 ] , resp. J6NSSON [ 8 ] — see 
also CRAWLEY—DILWORTH [ 1 ] , Chapter 1 3 . The frame can be chosen canonical, 
thus the following suffices for a proof of the Coordinatization Theorem. Of course, 
this approach uses the coordinatization of projective spaces. 
T h e o r e m 6. Let A be an abelian group, L a complemented sublattice of 
L(An), 3, containing the canonical frame <P with coordinate ring R. Then R 
is regular and 
<P(M) = {(xrl5 ..., xr„) | x€A, (rj, ..., r„)eM} 
defines an isomorphism of Lfg(RR") onto L. 
7 
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In this sens d every faithful representation of a complemented modular lattice with 
permuting spanning frame of order n^ 3 it obtained from the von Neumann—Jonsson 
coordinatization. 
Proof . The corollary follows from Theorem 1 and Claim 8 below. The proof 
of the theorem mimics, in the coordinatizing module, the calculations of VON 
NEUMANN [11] and DAY and PICKERING [2]. Write r for (r1; ...,r„) and q>f for 
(p{Rr)={Qo"i, ..., xrn) |x£A}. Let L' be the sublattice of L generated by $ and J?12. 
Claim 1. q>(sr)^(pr, <p(s+r)^(ps+cpr, so (p preserves joins. 
Cla im 2. q>r£L if there is an / with rt=0, r{ invertible, or r i f = f . 
Proof , (pf— f | ((rj)ij + 2 ak) for ri invertible, 
j> 1 k>l,k*j 
<pr = (2aj)n{a1 + (p(l,r2,...,r„)) for rx = 0, j=~ i 
(pr = ((p(r!,0, ...,0)+2i aj)C\<p(l,r2, ...,r„) for r1r = r. 
2 
Claim 3. RrQRs iff (prQtps provided that r—i—O for an i. 
Proof . Let <prQ(ps and r„=s„=0. Then let 
f/s = {(x, y, 0, ..., 0)|x, ye A, Xi'i = -ysi for i < n), 
and note 
f/s = n ((''¡)in+(si)2n) H (Oj + a2)£L. i^n 
ffs+a^ax since for all ,y in A one has —xr£<prQq>s which means —xr=js 
for a y in A. Now, let b be a complement of a2 H r/s in [0, r/s]. Then b€R12, so 
we have t in R with b=t12Qr/s. But this implies that for every z in A there are 
x,y in A such that z=x, —zt—y, and xr^—ySi for /<«. Consequently, zts—zri 
for all z and i. Since R consists of endomorphisms of A this means tsi=rt and ts—f. 
So RfQRs. The converse is clear. 
Cla im 4. For every bQat there is an idempotent r in R such that 
b = q>(0, ...,r, . . . ,0). I 
Proof . Let i—2, d a complement of (b + c^Ciax in [0, ax] and e= 
—d+ib+a^Dcj 2 . Then by modularity 
e + a2 3 d + ib + ajC)(c12+b) ¡? at, 
e f ) a2 = (b+aJCMd+c^Oai = ( f c + a i n a 2 ) n ( d + c 1 2) = bn(d+c12) = 
" = fcn(dn(fe+c12)+c12) = bf]c12 = 0. 
i 
Frames of permuting equivalences 99 
Therefore, e£R12 which means that e=r1 2 for an r in R and 
: <p(0, r, 0, ,.., 0) = (r^+flOrifla = ( a x +b)na 2 = b. 
In addition, a1+c12Cle^al+(b.+aiyr\c12^b+a1^e, so e=a1C\e+cl2C\e, and 
thus 
r12 = a x O r ^ + c ^ O r ^ = 
= {(*, 0, ..., 0) I x£A, xr = 0}+{{y, -y, 0,..., 0) I y€A, y = yr). 
In other words, for every z in A there are x, y in A such that z=x+y, zr=y, 
xr=0, and y=yr, whence zrr=zr. Thus, rr=r. 
Claim 5. R is a regular ring. 
Proof . For r in R we have by Claim 4 an idempotent e with <p(r, 0, ..., 0) = 
=(p{e, 0, ..., 0) and Rr=Re by Claim 3. 
The following is shown in SKORNYAKOV [ 1 2 ] , Chapter 2 , § 5 . , Lemma 3 . 
Claim 6. For MQRkxW~k there is s with sks=s, M=Rs+MnRk~1X 
X 0 " " * + 1 . 
Claim 7. MQRmXOn~m has generators r(1), ..., r(m) such that 
ri.k)^k) = a n d ry.) = o f o r a l l k k < 
The proof is by induction on m using Claims 4 and 6. 
Choosing such a generating set G for M we have (p(M)= 2 <pr by Claim 1. 
f(G 
Thus by Claim 2 we have 
Claim 8. <p(M) belongs to L'. 
Claim 9. Let UQRk-1X(f-k+1, rkr=r, sks=s, and rj=Sj=0 for all j>k. 
Then <prQ<ps+(p(U) imphes r(LRs + U. 
Proof . Since cprQ(ps+(p(U), we have for all x in A elements y, z in A and i 
in U such that xrkri=ysksi+zti for all i. Since t~0 for j^k it follows xrk= 
=xrkrk=ysksk=ysk, xrkrk—xrksk, and xrk(r—s)—zl. Consequently, (p(rk(r—s))Q 
g<pi and Rrk(r-s)QRI by Claim 3, whence Rr=RrkrQRrks+RtQRs + U. 
Claim 10. (p(N)^(p(M) imphes NQM, so cp is one-to-one. 
Let MQRkX(f~k: and proceed by induction on k. Let be a generator 
of N according to Claim 7. Then <pr{m)Q(p(N)Q(p(M), f(f=0 for j>m and 
m^k. If m=k choose s by Claim 6 such that M=Rs+U with U=Mf)Rk~1X 
X0B"*+1. Then r ( m )£Mby Claim 9. If m<A:let C/=(M+0 f txi? n - f c )n( i? i - 1X0 n - t + 1 ) . 
Then (pf{m)<^(p(U), r{m)£U by.the inductive hypothesis, and f (m) is in M since 
f»f»=0 for mk. 
J  J  
7* 
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Cla im 11. (p is an onto map. 
P roof . We show by induction on k that a^ 2 ai ' s ' n the image. Let 
a^f+ak. Choose a complement b of a+f in [a, f+ak] and i<* 
c of aC\f in [0, b]. It follows 
aOf+aDc = a i l ( a n / + c ) = aflfe = a, 
cf)f = cC\bC\(a+f)Df = cr\'adf== 0, 
c +f = c + a f ) /+/ = b+f= b+a+f=f+at. 
Now, f=Ak~1X(r-k+\ ak=0k-1XAX0n~k+s, and c is a subgroup of f+ak. 
Thus, c defines a homomorphism of A into Ak~1, i.e. 
c - {(xrj, ..., xrk_j_, x, 0, ..., 0)} 
for suitable /', in R. Then there is a subgroup D of A such that 
d = a f l c = '{(x ' i , . . . , xrk„i_, x, 0, ..., 0) | x£D), 
/ (d+f)C\ak = {(0, ..., 0, x, 0, ..., 0) | x£D} = <p(0, ..., s, ..., 0) 
for an idempotent s in view of Claim 4. Let 
I = (srl5 ..., srk_x, s, 0, ..., 0). 
Then st—t, <pi=<p(Rt)=d. By the inductive hypothesis we have M'wi th <p(M') = 
=a(lf. Hence cp(M'+Rt)=a. 
Addendum: Gluing of two representations 
The proof of Lemma 3 . 5 in JONSSON [ 8 ] contains the following construction: 
Let L be the union of the ideal L0 generated by b and the filter Lx generated by a, 
a^b. Let (pt: be representations for i=0, 1, let a—q>Qa, fi—cpxb. 
For each -class X let a map yx of E0 onto X with kernel a be given such that for 
all c in [a, b] and x, y in E0 
x (p0c y if and only if yxx cp^c yxy. 
Let E=E0XB where B is the set of /J-classes. Define q>c on E by 
r ' I \ X = Y and x <Poc y for c^b (x, X) (pc O, Y) iff i J • : • <PxC yry for C S f l . 
Lemma 7 (J6NSSON [ 8 ] ) . cp is a representation of L oh E which is permuting 
if and only if both <p0 and are permuting. 
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C o r o l l a r y 8. There is a lattice not contained in any modular congruence variety 
but having a permuting equivalence representation on a finite set. 
Proo f . For any prime p let L0=L(C3pl) and L1=L(RRS) where R=Fp[x]jx2, 
Fp the field of order p. Let a = 0 x C 2 . , b=RX02, and L the lattice obtained by 
gluing L and £ j over the 3-element chains [a, 1 J and [0Li, b] to get a—0L -<.c-<.b= 
— 1l0- Let <p;: Li~<-Il(Ei) be the canonical representations. To define the yx 
observe that EJct. as well as each /?-class has p2 elements and is partitioned by (ptc 
into p classes of p elements. By the lemma we have a permuting equivalence repre-
sentation on a />10-element set. On the other hand L is not contained in any modular 
lattice variety generated by the congruence lattices of a class of algebraic structures 
closed under particular subdirect products, namely the congruences; see [13]. 
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